In 2010 Zenga introduced a new three-parameter model for distributions by size that can be used to represent income, wealth, financial and actuarial variables. This paper proposes a summary of its main properties, followed by a focus on the interpretation of the parameters in terms of inequality. The scale parameter μ is equal to the expectation, and it does not affect the inequality, while the two shape parameters α and θ are inverse and direct inequality indicators respectively. This result is obtained through stochastic orders based on inequality curves. A procedure to generate a random sample from Zenga distribution is also proposed. The second part of this article looks at the parameter estimation. Analytical solution of method of moments is obtained. This result is used as a starting point of numerical procedures to obtain maximum likelihood estimates both on ungrouped and grouped data. In the application, three empirical income distributions are considered and the aforementioned estimates are evaluated. A comparison with other well-known models is provided, by the evaluation of three goodness-of-fit indexes.
Introduction
In this paper a new three-parameter model for distributions by size proposed by Zenga (2010) is analyzed, with special focus on the parameters. The model is a Betamixture defined for non negative distributions, that has positive skewness and Paretian right-tail, and therefore it is particularly indicated for describing income, wealth, financial and actuarial distributions. Moreover its parameters separately control the location and inequality. As Pareto stated, these are the two main aspects in the study of income distributions (see Pareto 1897; Arnold 1983 Arnold , 2008 Kleiber and Kotz 2003) .
The conditional densities are derived by Polisicchio (2008) as the unique distribution model with finite and positive expected value and with uniform inequality curve I ( p) (Zenga 2007). Defining the lower mean at p as the mean of the values lower or equal to the pth quantile, and the upper mean at p as the mean of the values higher than the pth quantile, the condition of uniformity on the I ( p) curve implies that the ratio between the lower mean and the upper mean is constant for every p ∈]0, 1[. The obtained distribution is a truncated Pareto distribution with traditional inequality parameter equal to 0.5. The parameters are the scale parameter μ (that is expectation) and the ratio between lower mean and upper mean denoted by k. Therefore, Zenga distribution is obtained as a mixture of Polisicchio distributions with μ constant and k ∈]0, 1[ with mixing function given by the Beta density.
This new model has three parameters: μ is the scale parameter and it is equal to the expected value, α and θ are shape parameters that the inequality depends on. This has implications in parameter estimation, because the restrictions on the expected value and on inequality measure (that are invariant to scale transformations) can be imposed separately. This property can be used to estimate parameters, through D'Addario's invariants method or by imposing restrictions on numerical optimization procedures, such as minimization of goodness-of-fit indexes or likelihood maximization. These methods have been applied by Zenga et al. (2010) and Arcagni (2011) to estimate the parameters of Zenga distribution, and they observed a good fitting of the model on the whole range of the empirical distribution, through several applications.
The Paretian right-tail allows the model to fit the income distributions for large values. Zenga distribution can assume several shapes and this feature allows a good fitting also for small incomes. The model can be zeromodal and unimodal although it has only two shape parameters. Nevertheless, the expected value of Zenga model is always finite. In the literature, it is well-known that income distribution has a heavy right-tail but the income of the whole population, and consequentially the mean income, is finite. Therefore, if the expected value of a fitted model is not finite, it does not have economic interpretation. These are the cases of Pareto distribution with α ≤ 1, Dagum distribution with δ ≤ 1, Singh-Maddala, and more in general GB2 distribution, with aq ≤ 1 (see McDonald 1984; Kleiber and Kotz 2003) . In these cases one of the main measures of location is not defined.
By this short introduction on the properties of Zenga distribution, it can be deduced that it meets the requirements proposed by Dagum (1977) , in particular: -parsimony, since the distribution function depends on only three parameters; -economic interpretation of parameters; -simple and efficient method of parameter estimation; -model flexibility; -good fit on the whole range of the distribution. This paper is organized as follows. Zenga model is presented in Sect. 2 providing conditional densities, mixing function, probability density function, distribution
